Profinite algebras have been extensively considered in the literature. They are the residually finite Stone topological algebras. We introduce Stone pseudovarieties, that is, classes of Stone topological algebras of a fixed signature that are closed under taking Stone quotients, closed subalgebras and finite direct products. In particular, we are interested in free structures relative to Stone pseudovarieties. In the unary case, the Čech-Stone compactification of the term algebra provides a construction of the absolutely free Stone topological algebra. A natural representation in a free profinite monoid using the Polish notation turns out also to be faithful for free profinite unary algebras. Looking at Stone spaces as the dual spaces of Boolean algebras, which may be taken as subalgebras of the Boolean algebra of subsets of the algebra of terms, we find a simple characterization of when the dual space admits a natural structure of topological algebra. This provides a new approach to duality theory which, in the case of a Stone signature, culminates in the proof that a Stone quotient of a Stone topological algebra that is residually in a given Stone pseudovariety is also residually in it, thereby extending the corresponding result of Gehrke for the Stone pseudovariety of all finite algebras over discrete signatures. The residual closure of a Stone pseudovariety is thus a Stone pseudovariety. A Birkhoff type theorem for residually closed Stone pseudovarieties is also established.
Profinite algebras, that is, inverse limits of inverse systems of finite algebras, appear naturally in several contexts. There is an extensive theory of profinite groups, which can be found as Galois groups but are also studied as a generalization of finite groups [23, 42] . One may also view p-adic number theory as an early study of special profinite algebraic structures [43] . In the context of general algebras, profinite topologies seem to have first appeared in [16] . A fruitful line of development came about with the discovery that formal equalities between elements of free profinite algebras may be used to describe pseudovarieties [40, 14] , which are classes of finite algebras of a fixed type closed under taking homomorphic images, subalgebras, and finite direct products. Since pseudovarieties play an important role in algebraic theories developed for computer science, profinite algebras are also a useful tool in that context. In particular, profinite semigroups have been extensively used (see, for instance, [3, 5, 41, 6, 8, 10, 39, 21, 7, 30, 13, 11] ).
As the underlying topological structure of a profinite algebra is compact and 0-dimensional, that is, a Stone space, profinite algebras may also be viewed as dual spaces of Boolean algebras. For finitely generated relatively free profinite algebras, the corresponding Boolean algebras have special significance [3, Theorem 3. 6 .1] and are particularly relevant in the applications of finite semigroup theory to the theory of formal languages, where they appear as Boolean algebras of regular languages. The dual role of the algebraic operations in relatively free profinite algebras has also been investigated [26, 27, 25] .
For certain classes of algebras, it turns out that being a Stone space is sufficient to guarantee profiniteness. Special cases were considered in [37] but the essential ingredient lies in the fact that syntactic congruences are determined by finitely many terms [1, 20] using an idea of Hunter [32] that may be traced back to [37] . For such classes of algebras, profiniteness is thus a purely topological property, although this is not true in general.
Recently, several characterizations of profiniteness in Stone topological algebras A have been obtained in [44] . They are formulated in terms of topological properties of the translation monoid of the algebra A, which is a submonoid of the monoid of continuous transformations of A.
The natural type of congruence to consider on a profinite algebra is one for which the quotient is again a profinite algebra, in which case we say that the congruence is profinite. Our first result is that a closed congruence being profinite is a purely topological property, namely, it is equivalent to the corresponding quotient being 0-dimensional. This extends the special case where the algebraic signature is discrete, which is established in [25] using duality theory. As a simple application, we show that closed congruences of countable index on profinite algebras are profinite.
We extend the notion of pseudovariety of finite algebras to Stone topological algebras, namely by considering classes S of Stone topological algebras that are closed under taking Stone quotients, closed subalgebras, and finite direct products. Such classes have associated relatively free topological algebras which play a central role in this paper. A key lemma in the generalization from the finite context is that a clopen subset of a residually S Stone topological algebra may be recognized by a continuous homomorphism onto a member of S.
Relatively free profinite monoids where a given signature is taken as part of the generators may be naturally endowed with a structure of topological algebra. If a topological space X is also part of the generators, then the whole term algebra on X has a natural representation by a subalgebra generated by the image of X provided the relatively free profinite monoid satisfies no nontrivial identities. The closure of that subalgebra is a relatively free Stone topological algebra with respect to a certain pseudovariety of finite algebras. If the signature has some symbol of arity at least two, then the corresponding pseudovariety of finite algebras is proper. Otherwise, we get the pseudovariety of all finite algebras.
In the unary case, we also provide an explicit construction of the absolutely free Stone topological algebra, namely the Čech-Stone compactification of the corresponding term algebra.
Regarding Stone spaces as dual spaces of Boolean algebras provides an alternative approach to Stone topological algebras. Taking the semigroup case as a guide, we view our Boolean algebras as subalgebras of the Boolean algebra of all subsets of the term algebra. The possibility of defining a natural topological algebraic structure on the dual space turns out to admit a rather simple characterization, which can be formulated purely in terms of Boolean algebras. This leads to an alternative approach to duality, which may be compared with that developed in [26, 27, 25] . The focus in those papers is somewhat different from ours, first in that bounded distributive lattices, rather than Boolean algebras, are considered there, so that Priestley duality plays the role of Stone duality, and second because profinite algebras are viewed there as duals of lattices with additional unary operations. Extra care needs to be taken in our approach due to the fact that we are dealing with topological signatures. In the case of a Stone signature, which is a significant generalization of a finite signature, the duality turns out to be quite accomplished. As our main application we show that, for an arbitrary Stone pseudovariety S, a Stone quotient of a residually S Stone topological algebra is again residually S. This further generalizes the already mentioned result from [25] beyond residual finiteness. The residual closure of a Stone pseudovariety is, therefore, also a Stone pseudovariety. For such Stone pseudovarieties, which are the Stone analogs of the classical Birkhoff varieties, we establish adequate versions of Birkhoff/Reiterman's theorems by showing that they are defined by Stone pseudoidentities over Stonean spaces. The Reiterman theorem turns out to be a special case.
Topological algebras
We say that an equivalence relation on a topological space X is closed (respectively clopen) if it is a closed (respectively clopen) subset of the product space X × X. Given an equivalence relation θ on a topological space X, the quotient set X/θ is endowed with the largest topology that renders continuous the natural mapping X → X/θ. Note that a set of θ-classes is closed (respectively, open) if and only if so is its union in X.
Unlike some literature on topology, we require the Hausdorff separation property for a space to be compact.
Proposition 2.1. Let X be a compact space and θ an equivalence relation on X. Then the quotient space X/θ is compact if and only if θ is closed.
Proof. See [17, Proposition 10.4.8] for a proof that the quotient space X/θ is Hausdorff if and only if θ is closed. Since open covers of X/θ lift to open covers of X, it is straightforward to deduce that X/θ is compact if θ is closed.
Following [44] , by a signature we mean an N-graded set, that is, a disjoint union Ω = n∈N Ω n of sets. We say that Ω is a signature with property P if each Ω n has property P. For instance, Ω is a topological signature or a compact signature if each Ω n is a topological or a compact space, respectively.
An Ω-algebra is a pair (A, E), where A is a set and E = (E A n ) n∈N is a sequence of evaluation mappings E A n : Ω n × A n → A. In case A is a topological space and Ω is a topological signature, we say that the Ω-algebra is a topological Ω-algebra if each mapping E A n is continuous. For an Ω-algebra (A, E) and w ∈ Ω n , we let w A : A n → A be the operation defined by w A (a 1 , . . . , a n ) = E A n (w, a 1 , . . . , a n ). Reference to the sequences E and Ω, which should be understood from the context, will usually be omitted and so we simply say that A is an algebra.
We view finite algebras as discrete topological algebras. Note that the requirement that the evaluation mappings be continuous is still nontrivial. For instance, if we take the signature Ω with one binary operation symbol and Ω 1 the one point (∞) compactification of N, we may consider finite semigroups as Ω-algebras by interpreting the binary operation symbol as the semigroup multiplication, each unary operation symbol n ∈ N by the n! power and ∞ by the ω-power. 1 The evaluation mappings are continuous, and so we obtain a topological Ω-algebra. Sometimes, it is useful to consider an ("unnatural") interpretation of the operation symbol ∞ that makes the evaluation mapping E 1 discontinuous. This idea underlies the recent paper [9] .
For a class C of topological algebras, we say that a topological algebra A is residually C if, for every pair a, b of distinct elements of A, there is a continuous homomorphism ϕ : A → C into a member C of C such that ϕ(a) = ϕ(b).
A continuous mapping from a topological space X to a topological algebra A is said to be a generating mapping if its image generates (algebraically) a dense subalgebra of A. In case X is a subset of A, we say that the topological algebra A is generated by X if the inclusion X ֒→ A is a generating mapping. We also say that A is X-generated if there is a generating mapping X → A.
A topological algebra A is said to be profinite if it is residually finite and A is compact. Equivalently, A is an inverse limit of finite discrete algebras.
We say that a congruence θ on a topological algebra A is profinite if the quotient topological algebra A/θ is profinite. Equivalently, θ is the intersection of the clopen congruences containing it.
A pseudovariety is a class of finite Ω-algebras that is closed under taking homomorphic images, subalgebras and finite direct products. For a pseudovariety V, a profinite algebra is said to be pro-V if it is residually V. The free pro-V algebra on a set X is denoted Ω X V.
For a set X, let T Ω (X) be the Ω-term algebra, that is, the absolutely free Ω-algebra. The elements of T Ω (X) are usually viewed in computer science as trees whose leaves are labeled by elements of X or of Ω 0 and whose nodes are labeled by elements of some Ω n , in which case the node has exactly n sons. Forgetting labels, we get a purely combinatorial structure which we call the shape of the term: it is an ordered tree in the sense that the sons of each node are totally ordered.
For instance, for u ∈ Ω 2 and v ∈ Ω 3 , the term
is represented by the labeled tree
If the tree representing the term t has exactly one occurrence of x as a leaf label, then we say that t is linear in x. We will in general not distinguish between a term and its tree representation. Suppose that X is a topological space and Ω is a topological signature. We may view T Ω (X) as a topological space by stating that a net of trees (t i ) i converges to a tree t if there exists i 0 such that, for every i i 0 , all t i have the same shape as t and, for each node of such t i , the net consisting of the labels of that node for i i 0 converges to the label of the same node in t. Equivalently, T Ω (X) is the topological sum of the spaces of all terms with a fixed shape; each such space can be viewed as the product space where, for each node one takes the space of all possible labels of that node. Thus, for instance, the shape determines a space which is homeomorphic with Ω 3 × (X ⊎ Ω 0 ) 3 .
Note that T Ω (X) becomes a topological algebra and that the mapping ι : X → T Ω (X) that sends each x ∈ X to the tree with single node labeled x is a continuous embedding. We have the following universal property.
Proposition 2.2. Given a continuous mapping ϕ : X → A to a topological algebra A, there is a unique continuous homomorphismφ :
Proof. Since the term algebra T Ω (X) is well known to be the absolutely free algebra over the set X, there is a unique homomorphismφ : T Ω (X) → A such thatφ • ι = ϕ. Thus, all we need to show is thatφ is continuous. For this purpose, we consider an arbitrary convergent net (t i ) i in T Ω (X) and let t be its limit. We claim thatφ(t i ) converges toφ(t). We may as well assume that all t i have the same shape as t. If the common shape is reduced to a node, then each t i and t belong to X ∪ Ω 0 . The claim then follows from the continuity of the mappings ϕ and E 0 . So, suppose that the common shape is not reduced to a single node. Let n > 1 be the number of sons of the root of the considered shape. Then, for each i, there are convergent nets (f i ) i in Ω n and (t r,i ) i in T Ω (X) (r = 1, . . . , n) such that t i = f i (t 1,i , . . . , t n,i ) and t = f (s 1 , . . . , s n ) where f = lim f i and s r = lim t r,i . Since the net (f i , t 1,i , . . . , t n,i ) i converges to (f, s 1 , . . . , s n ), the claim follows from the continuity of the evaluation mapping E n .
For the mappingφ of Proposition 2.2, in case X = {x 1 , . . . , x m }, we also denoteφ(t) by t A ϕ(x 1 ), . . . , ϕ(x m ) for t ∈ T Ω (X). In this case, given elements a j ∈ A (j = i), a term t ∈ T Ω (X) determines a polynomial transformation of A given by a ∈ A → t A (a 1 , . . . , a i−1 , a, a i+1 , . . . , a m ).
Note that such transformations are continuous. The translation monoid M (A) consists of all such polynomial transformations given by terms that are linear in the distinguished variable x i . Thus, M (A) is a submonoid of the monoid C(A) of all continuous transformations of A.
We endow C(A) with the compact-open topology, for which a basis consists of the sets of the form
with K and U respectively a compact subset and an open subset of A. Note that, if A is compact 0-dimensional (that is, a Stone space), then we may restrict the choice of both K and U to be clopen subsets of A with the resulting topology being still the same.
We say that an equivalence relation θ on a set A saturates a subset L of A if L is a union of θ-classes. The following purely algebraic result is well known. We provide a proof for the sake of completeness. Lemma 2.3. For an algebra A and a subset L of A, the set of all pairs (a, a ′ ) ∈ A × A such that
Proof. Let θ denote the set of pairs in the statement of the lemma. Note that it is an equivalence relation on A. Let w ∈ Ω n and (a i , a ′ i ) ∈ θ for i = 1, . . . , n and suppose that f ∈ M (A) is such that f w A (a 1 , . . . , a n ) ∈ L. Considering the polynomial transformation given by g = f w A (_, a 2 , . . . , a n ) , we deduce from (a 1 , a ′ 1 ) ∈ θ that f w A (a ′ 1 , a 2 , . . . , a n ) ∈ L. Proceeding similarly on each of the remaining components, we conclude that f w A (a ′ 1 , . . . , a ′ n ) ∈ L. Hence, θ is a congruence on A. Taking for f the identity transformation of A we see that θ saturates L. Now, suppose that ρ is a congruence on A saturating L and let (a, a ′ ) ∈ ρ and f ∈ M (A). Because polynomial transformations of A preserve ρequivalence, we have (f (a), f (a ′ )) ∈ ρ. Since ρ saturates L, it follows that f (a) ∈ L if and only if f (a ′ ) ∈ L, which shows that (a, a ′ ) ∈ θ. Hence, ρ is contained in θ, which completes the proof of the lemma.
The congruence of the lemma is called the syntactic congruence of L on A and it is denoted σ A L . Corollary 2.4. Let L be a subset of an algebra A and let α be the equivalence relation whose classes are L and A \ L. Then we have
Corollary 2.5. Let L be a clopen subset of a topological algebra A. Then the syntactic congruence σ A L is closed. Proof. Consider the equivalence relation α of Corollary 2.4, which is a clopen subset of A × A, so that formula (2.1) holds. Since each mapping f ∈ M (A) is continuous, it follows that σ A L is an intersection of clopen sets of the form (f × f ) −1 (α) and, therefore, it is closed.
The following result is another simple application of Lemma 2.3.
Proposition 2.6. Let ϕ : A → B be an onto homomorphism between two Ω-algebras and let L be a subset of B. Then we have
By the general correspondence theorem of universal algebra [18, Theorem 6.20] 
L and a ∈ ϕ −1 (L), then (ϕ(a), ϕ(a ′ )) ∈ σ B L and ϕ(a) belongs to L and, therefore, so does ϕ(a ′ ). This shows that
Conversely, suppose that (a, a ′ ) ∈ σ A ϕ −1 (L) and t(x 1 , . . . , x m ) is a term linear in x i such that
This shows that σ
By the kernel of a mapping ϕ : S → T we mean the equivalence relation on S given by {(s 1 , s 2 ) ∈ S 2 : ϕ(s 1 ) = ϕ(s 2 )}.
Since "Stone algebra" already has a different meaning in the literature, we call a Stone topological algebra a topological algebra whose underlying topological space is a Stone space. To give an application of Proposition 2.6, we first need some connections of syntactic congruences with profiniteness.
Theorem 2.7. A Stone topological algebra A is profinite if and only if, for every clopen subset L of A, the syntactic congruence σ A L is clopen. Proof. (⇒) It follows from residual finiteness and compactness that there is a continuous homomorphism ϕ : A → F onto a finite algebra F such that
The kernel of ϕ is thus a clopen congruence on A that saturates L. Hence, so is σ A L by Lemma 2.3. (⇐) We need to show that A is residually finite. Given distinct points a, a ′ ∈ A, since A is a Stone space there is a clopen subset L ⊆ A such that a ∈ L and a ′ / ∈ L. Since σ A L is clopen, the canonical homomorphism A → A/σ A L is a continuous homomorphism onto a finite algebra that separates the points a and a ′ .
We are now ready to prove the following result. The special case where the signature is discrete was first proved in [25, Theorem 4 .3] using duality theory.
Theorem 2.8. Let A be a profinite algebra and let θ be a closed congruence on A such that A/θ is 0-dimensional. Then θ is a profinite congruence.
Proof. Let B = A/θ and let ϕ : A → A/θ be the canonical homomorphism. By assumption, B is a Stone topological algebra. We apply the criterion for B to be profinite of Theorem 2.7. So, let L be a clopen subset of B. By Proposition 2.6, we obtain the equality
. Since ϕ is continuous, the set ϕ −1 (L) is clopen. Hence, by Theorem 2.7, σ A ϕ −1 (L) is a clopen congruence and A/σ A ϕ −1 (L) is finite. By Proposition 2.6, the algebra B/σ B L is finite. Since σ B L is a closed congruence by Corollary 2.5, it follows that σ B L is clopen.
A compact space X has a natural uniform structure with basis consisting of the open neighborhoods of the diagonal ∆ X , i.e., its entourages are the subsets of X × X that contain such neighborhoods. This the only uniform structure that determines the topology of X. In case X is a Stone space, one may take as basis members the sets of the form n i=1 L i × L i where the L i constitute a clopen partition of X. Suppose A is a profinite algebra and L 1 , . . . , L n is a clopen partition of A. By Theorem 2.7, the set θ = n i=1 σ A L i is a clopen congruence on A that saturates each set L i . Hence, to obtain a basis of the uniform structure of A one may consider only the clopen partitions given by clopen congruences.
Let X be a uniform space and let F ⊆ C(X). We say that F is equicontinuous if for every entourage α of X and every x ∈ X, there is an open subset U ⊆ X such that, for every f ∈ F, f (U ) × f (U ) ⊆ α. We say that F is uniformly equicontinuous if for every entourage α of X, there is an entourage β of X such that, for every f ∈ F, (f × f )(β) ⊆ α. In case X is compact, the two properties are equivalent.
Here is another characterization of profiniteness for Stone topological algebras. It is taken from [44, Theorem 4.4 ]. The proof presented here is basically the same as that in [44] although it is slightly simplified thanks to the usage of syntactic congruences. Proof. (⇒) Let L 1 , . . . , L n be a clopen partition of A and let θ = n i=1 σ A L i . Then, by Lemma 2.3, for every f ∈ M (A), we have
(⇐) We apply the criterion of Theorem 2.7. So, let L be a clopen subset of A and consider the entourage α determined by the clopen partition L, A \ L. By (uniform) equicontinuity, there exists a clopen partition L 1 , . . . , L n of A, determining an entourage β of X, such that, for every
It follows that each class of σ A L is a union of some of the L i and, therefore it is clopen. Hence, σ A L is a clopen congruence and A is profinite by Theorem 2.7.
A subset of a topological space X is said to be relatively compact if it is contained in a compact subset of X. The following is a reformulation of Theorem 2.9. As observed in [44] , the equivalence between the criteria of Theorems 2.9 and 2.10 is an immediate application of the Arzelà-Ascoli theorem of functional analysis. Summarizing, we have the following combined result.
Theorem 2.11. The following conditions are equivalent for a Stone topological algebra A:
(v) for every clopen subset L ⊆ A, σ A L is a clopen congruence; (vi) for every clopen subset L ⊆ A, there exists a continuous homomorphism ϕ : A → F onto a finite algebra F such that L = ϕ −1 (ϕ(L)).
Proof. By Theorems 2.7, 2.9 and 2.10, we have the equivalences (v) ⇔ (i) ⇔ (ii) ⇔ (iii). The equivalence (v) ⇔ (vi) is given by an immediate characterization of clopen conguences. The implication (iv) ⇒ (iii) is obvious.
To establish the remaining implication (iii) ⇒ (iv) it is enough to prove that C(A) is a profinite monoid, for which we proceed as follows. Given a clopen subset L ⊆ A, we have
By a theorem of Numakura [37] , every Stone topological semigroup is profinite.
Countable algebras and the Cantor-Bendixson theorem
If θ is a closed congruence on the topological Ω-algebra A, then we have a commuting diagram
where the horizontal arrows are the evaluation mappings respectively of the algebra A and its quotient A/θ, and the vertical arrows are the canonical homomorphisms. In case A is a compact algebra and Ω is a compact signature, chasing around the diagram, we conclude that E A/θ n is continuous. Indeed, in case Ω n is compact, if C is a closed subset of A/θ, then (E A n ) −1 (π −1 (C)) is a closed subset of the compact space Ω n × A n , whence its image, which coincides with (E A/θ n ) −1 (C), is a closed subset of Ω n × (A/θ) n . Hence, if A is compact, θ is a closed congruence on A, and Ω is a compact signature, then A/θ is also a compact algebra. A similar argument shows that the same conclusion holds if we assume instead that Ω is a discrete signature, in the sense that each Ω n is a discrete space.
In this section, we show how results from general topology imply that if a profinite algebra A is countable, then every closed congruence on A is profinite.
Recall that a topological space is regular if closed sets may be separated from points outside them by disjoint open sets. The following result is due to Urysohn [50, Section 9, Satz II].
Proposition 3.1. A countable regular connected space is a singleton.
We may now prove the following result. Proof. Let S be a Stone space and let θ be a closed equivalence on S such that S/θ is countable. By Proposition 2.1, the quotient space S/θ is compact.
If C is a connected subset of S/θ, then so is its closure C [53, Theorem 26.8] . It follows that connected components of S/θ are countable compact connected spaces. Since compact spaces are regular (which is an easy exercise), Proposition 3.1 yields that S/θ is totally disconnected. Being compact, it follows that S/θ is 0-dimensional [53, Theorem 29.7] , whence a Stone space.
Corollary 3.3. Let A be a profinite algebra over a discrete signature and let θ be a closed congruence on A of countable index. Then the quotient A/θ is also profinite.
Proof. By Proposition 3.2, A/θ is a compact totally disconnected algebra and the result follows from Theorem 2.8. Let Ω = Ω 1 = {u, v} and view A as an Ω-algebra where the unary operations are described by following digraph:
This defines a Stone topological Ω-algebra structure on A. The points 0 and ∞ cannot be distinguished by a continuous homomorphism to a finite algebra. Hence, A is not profinite. Note that A is generated by every point different from ∞.
In M (A), the sequence (u n ) n converges pointwise to the discontinuous function n ∈ N → 0, ∞ → ∞. This shows (directly) that M (A) is not relatively compact in C(A).
A topological space is said to be separable if it has a countable dense subset. A Polish space is a separable complete metric space. A topological space is said to be second countable if it admits a countable basis of open sets. Note that every second countable space is separable and that the two properties are equivalent for metric spaces. As a consequence of Urysohn's Metrization Theorem, a compact space is metrizable if and only if it is second countable. It follows that second countable compact spaces are Polish spaces. One can also show that countable compact spaces are Polish spaces [49] .
A point x in a topological space is said to be isolated if {x} is an open set. Otherwise, x is said to be a limit point. For a topological space X, its Cantor-Bendixson derivative is the set X ′ consisting of the limit points of X. Note that the set X ′ is closed. If X is second countable, then X \ X ′ is countable.
By transfinite recursion, one may define the iterated Cantor-Bendixson derivatives as follows:
Proposition 3.5 (see [35, Theorem 6.9] ). Let X be a second countable topological space and let (F α ) α<β be a strictly decreasing transfinite sequence of closed subsets. Then the ordinal β is countable.
Corollary 3.6. If X is a Polish space, then there exists a countable ordinal α 0 such that X α = X α 0 for all α α 0 .
The least ordinal α 0 in the preceding corollary is called the Cantor-Bendixson rank of X. Note that, if α is the Cantor-Bendixson rank of X, then the set X α is perfect in the sense that it has no isolated points; it is called the perfect kernel of X.
Theorem 3.7 (see [35, Theorem 6 .2]). Every nonempty perfect Polish space has an embedded copy of the Cantor set.
In particular, the perfect kernel of X is either empty or has cardinality 2 ℵ 0 . Since the complement in X of the perfect kernel is countable, we obtain the following result.
Theorem 3.8 (Cantor-Bendixson). Every Polish space is either countable or is the disjoint union of a countable set with a perfect set, the latter having cardinality 2 ℵ 0 .
Note that a compact 0-dimensional perfect metric space is homeomorphic to the Cantor set (see [53, Corollary 30 .4]).
Corollary 3.9. Every finitely generated profinite algebra over a countable signature is either countable or has a subspace homeomorphic to the Cantor set whose complement is countable.
Proof. Note that a finitely generated profinite algebra is a Polish space and apply Theorem 3.8.
There are many known proofs of the following result (see, for instance, [ Proof. Let G be a countable profinite group. Then G is a Polish space and so its perfect kernel is empty by the Cantor-Bendixson Theorem. Hence, G must have isolated points. By symmetry, it follows that all points are isolated. Since G is compact, we conclude that G is finite.
Note that a countable profinite completely simple semigroup (which may be taken to mean that all elements are factors of each other) need not be finite (for instance, a countable left-zero semigroup) but that it is finite if it is finitely generated since it has only finitely many idempotents and its maximal subgroups are finitely generated. By a completely regular semigroup we mean a semigroup in which every element lies in a subgroup.
Consider Green's relations on a semigroup S: two elements of S are said to be J -equivalent if they are factors of each other, R-equivalent if they are left factors of each other, and L-equivalent if they are right factors of each other.
Corollary 3.11. Every finitely generated countable profinite completely regular semigroup is finite.
Proof. Let X be a finite generating set of the countable profinite completely regular semigroup S. Without loss of generality, we may assume that S has a content function, that is, a continuous homomorphism c : S → Ω X Sl onto the free profinite semilattice on X that is identical on generators. Then, it is well known that two elements of S are J -equivalent if and only if they have the same content. In particular, up to isomorphism, S has only finitely many maximal subgroups.
By Proposition 3.10, it follows that there is some n such that S satisfies the pseudoidentity x n+1 = x. By Zelmanov's solution of the restricted Burnside problem [54] , the pseudovariety x n = 1 is locally finite. This implies that the pseudovariety V = x n+1 = x is locally finite (see [38] ). Hence, Ω A V is finite and so is S.
One can avoid using Zelmanov's theorem in the preceding proof by showing instead that each J -class of Ω X V has only finitely many R-classes and L-classes by induction on the content using the solution of the pseudoidentity problem for Ω X V [12] . In contrast, for every finite set X, Ω X J is countably infinite [2].
The reader may wish to compare Corollary 3.11 with a famous local finiteness result of Green and Rees [31] (see also [36, Theorem 3 .3]): a semigroup satisfying an identity of the form x = x r+1 is locally finite if and only if all its subgroups are locally finite. It must be stressed that we are working with profinite semigroups and that such a semigroup is said to be finitely generated if there is a finite subset generating a dense subsemigroup. Also neither a finitely generated nor a countable pro-CR semigroup need satisfy an identity of the form x = x r+1 : for the latter, one may take a chain semilattice of cyclic groups say of increasing orders p n and consider the one-point compactification by adding a zero.
Stone pseudovarieties
Let X be a topological space. We say that the space X is T 1 if, given any distinct points x, y ∈ X, there is an open set U such that x ∈ U and y / ∈ U . The space X is completely regular if, whenever x ∈ X and C ⊆ X is a closed subset not containing x, there is a continuous function ϕ : X → R into the reals that maps x to 0 and C to 1. A T 1 completely regular space is said to be a Tychonoff space (or a T 3 1 2 space). Note that Tychonoff spaces are regular (also known as T 3 spaces).
A compactification of the space X is a compact space C endowed with a homeomorphic embedding ε C : X → C whose image is a dense subspace of C. Compactifications of X may be naturally ordered by letting C 1 C 2 if there is a continuous mapping f :
Čech-Stone compactification (also known as Stone-Čech compactification; since both papers [19, 48] were published in the same year, we prefer the alphabetical order) of X is a maximum compactification of X in the quasiordering , which may or may not exist. If it exists for the space X, it is clearly unique and it is denoted βX. The Čech-Stone compactification exists exactly for Tychonoff spaces [22, Corollary 3.5.10]. Note that the existing literature also considers compactifications of more general spaces, but then the definition assumes that ε C is only a continuous mapping.
By a Stone pseudovariety we mean a nonempty class of Stone topological algebras of a fixed signature that is closed under taking continuous homomorphic images that are again Stone spaces, closed subalgebras, and finite direct products. Clearly, every finite Stone topological algebra is equipped with the discrete topology and every one-point algebra, also called a trivial (topological) algebra, is a Stone topological algebra which is a homomorphic image of every Stone topological algebra. Thus the trivial algebras are members of all Stone pseudovarieties. We also mention that continuous bijections between compact spaces are homeomorphisms. Thus a continuous isomorphism of Stone topological algebras is also a homeomorphism.
Recall that, for a Tychonoff space X of cardinality κ, any compactification of X has cardinality at most 2 2 κ [22, Theorem 3.5.3]. Hence, for a topological space X, the cardinality of an X-generated Stone topological Ωalgebra S is bounded by 2 2 κ , where κ = max{|Ω|, ℵ 0 , |X|} is a bound of the cardinality of the subalgebra of S (algebraically) generated by X. By identifying homeomorphic isomorphic Stone topological algebras, we conclude that the X-generated members of a Stone pseudovariety may be viewed as constituting a set.
Note that pseudovarieties of finite (discrete) algebras are Stone pseudovarieties. For a pseudovariety V of finite algebras, the class of all pro-V algebras is also a Stone pseudovariety because of Theorem 2.8. And, of course, the class of all Stone topological Ω-algebras is a Stone pseudovariety, denoted St Ω . The pseudovariety of all finite Stone topological Ω-algebras is denoted Fin Ω . Since the intersection of a nonempty family of Stone pseudovarieties is again a Stone pseudovariety, every class of Stone topological algebras generates a Stone pseudovariety, namely the smallest Stone pseudovariety that contains it. Example 4.4. Generalizing a basic notion from semigroup theory, we say that two elements s and t of an algebra A are J -related if there are translations f, g ∈ M (A) such that f (s) = t and g(t) = s. Note that, since M (A) is a monoid, J is an equivalence relation on A. We say that A is J -trivial if the relation J is the equality relation on A. It is easy to check that the class of all finite J -trivial topological Ω-algebras is a Stone pseudovariety.
4.1.
Relatively free Stone topological algebras. Given a topological space X and a Stone pseudovariety S, an S-free Stone topological algebra over X is given by a continuous generating mapping ι : X → S into a Stone topological algebra S which is residually S and such that, for every continuous mapping ϕ : X → T into a member T of S, there is a unique continuous homomorphismφ : S → T such thatφ • ι = ϕ. Usually, the mapping ι is understood from the context and we simply refer to S as a S-free Stone topological algebra.
The proof of the next result gives a construction for free Stone topological algebras relative to Stone pseudovarieties.
Proposition 4.5. Let S be a Stone pseudovariety and let X be a topological space. Then there exists an S-free Stone topological algebra over X which is uniquely determined up to continuous isomorphism.
Proof. By the above discussion, there is a nonempty set R of generating mappings from X to members of S such that, for every generating mapping ϕ : X → T into a member of S, there is a unique member ψ : X → R of R and a continuous isomorphism α : T → R such that α • ϕ = ψ. For a generating mapping ψ : X → R in R we also write R ψ for R. We order R as follows: for ϕ : X → R and ψ : X → S, we write ϕ ψ if there exists a continuous homomorphism α ϕ,ψ : S → R such that α ϕ,ψ • ψ = ϕ. Note that is a partial order on R which is upper directed: given ϕ 1 and ϕ 2 in R, there is ϕ ∈ R such that ϕ 1 ϕ and ϕ 2 ϕ. We also mention that the mapping α ϕ,ψ is uniquely determined by the pair ϕ ψ in R because S is X-generated.
The product P = ϕ∈R R ϕ of Stone topological algebras is itself a Stone topological algebra. Consider the subset F consisting of all (r ϕ ) ϕ∈R such that, whenever ϕ, ψ ∈ R satisfy ϕ ψ, the equality α ϕ,ψ (r ψ ) = r ϕ holds. We claim that the (continuous) mapping ι : X → F given by ι(x) = (ϕ(x)) ϕ∈R is an S-free Stone topological algebra over X.
It is easy to see that F is a subalgebra of P . But we need to show that it is a closed subset of P . For a pair ϕ, ψ ∈ R satisfying ϕ ψ, we consider the subset F ϕ,ψ = {(r χ ) χ∈R ∈ P | α ϕ,ψ (r ψ ) = r ϕ } of P . Since the graph of the continuous mapping α ϕ,ψ is a closed subset of R ϕ × R ψ , the subset F ϕ,ψ is closed in P . Now F is closed because it is the intersection of all F ϕ,ψ for the considered pairs from R. Finally, P is a Stone topological algebra that is residually S, and so the same is true for its closed subalgebra F .
The mapping ι : X → F is continuous. To show that it is a generating mapping, we recall that elements of the subalgebra algebraically generated by ι(X) are given by terms in variables from the set X. More formally and generally, by Proposition 2.2, each continuous mapping ϕ : X → R can be extended to a unique continuous homomorphismφ : T Ω (X) → R, where the image ofφ is exactly the subalgebra of R algebraically generated by ι(X). We consider an arbitrary element r ∈ F and its neighborhood N and we want to show that N contains some point given by a term. We may assume that N = ψ∈R N ψ is an open set from the basis of the product topology of
It is easy to see thatφ(t) ∈ N ϕ for every ϕ ∈ Z and so, it holds for every ϕ ∈ R.
Thus, to prove that ι : X → F is an S-free Stone topological algebra over X, it remains to prove the universal property. Let ϕ : X → S be an arbitrary continuous homomorphism into a member S of S. By the choice of R, there exist ψ : X → R in R and a continuous isomorphism α : R → S. Consider the restriction π ψ : F → R ψ to F of the projection of P to the ψ-component. Then α • π ψ : F → S is a continuous homomorphism such that α • π ψ • ι = ϕ. Uniqueness of a mapping F → S with such properties follows from the fact that ι is a generating mapping.
Let χ : X → G be another S-free Stone topological algebra over X. Let ϕ be an arbitrary element of R. From the universal property of χ, we may deduce the existence of a continuous homomorphism β ϕ : G → R ϕ such that β ϕ • χ = ϕ. From the universal property of the product (both as an algebra and a topological space), we get a continuous homomorphism β : G → P . The image of β is equal to F because χ is a generating mapping. Moreover, since G is residually S, β is also injective. Altogether, β : G → F is a continuous isomorphism and there is just one S-free Stone topological algebra over X up to continuous isomorphism.
For a Stone pseudovariety S, we denote Ω X S the S-free Stone topological algebra over X. The mapping ι : X → Ω X S is called the natural generating mapping.
In case S is not trivial, in the sense that it contains non-singleton algebras, and X is a Stone space, the mapping ι is an embedding: indeed, every pair of distinct elements in such X can be distinguished by a continuous mapping into some member of S.
In the following result we modify this basic idea to obtain a statement concerning homeomorphic embeddings. For this purpose, we introduce a special two-element topological algebra for each signature Ω: the set 2 Ω = {0, 1} is equipped with the discrete topology and f (a 1 , . . . , a n ) = 0 for every n 0, f ∈ Ω n and a 1 , . . . , a n ∈ 2 Ω . Then 2 Ω is a topological algebra, because
Recall that a space is 0-dimensional if it is T 1 and the clopen subsets form a basis of the topology. Then the points can be separated by clopen sets, in particular every 0-dimensional space is Tychonoff.
Proposition 4.6. Let S be a Stone pseudovariety containing the topological algebra 2 Ω and let X be a topological space. Then the continuous mapping ι :
Proof. Assume that ι is a homeomorphic embedding. Since every Stone space is 0-dimensional and every subspace of a 0-dimensional space is also 0-dimensional, we get that X is 0-dimensional. Now, assume that X is 0-dimensional. Taking a pair of elements x = y in X, we know that there is a clopen U such that x ∈ U and y ∈ U . We consider a characteristic function of U , that is a mapping ψ U : X → 2 Ω given by the rule:
is a clopen subset of Ω X S. Since this is true for every clopen U in X, we get that ι is a homeomorphism.
Whenever the assumptions of Proposition 4.6 hold, we think of X as a subset of Ω X S and of the natural generating mapping as being the inclusion mapping.
Another natural question is whether Ω X S contains as a subspace a homeomorphic isomorphic copy of T Ω (X) which is true in the case of pseudovarieties of finite algebras whenever certain nilpotent algebras are present in S. We introduce here their topological analogs which reflect the topologies on X and Ω. For our purpose we assume that X and every Ω n are 0-dimensional spaces. Since points can be distinguished by clopen sets in this case, for an arbitrary finite subset F ⊆ X, there is a continuous mapping α : X → F which is identical on F . Here the considered topology on the subspace F is discrete because one-point subsets are closed in the 0-dimensional space X.
For a fixed term t ∈ T Ω (X), we consider its tree representation τ as described in Secion 2. For a finite subset X t of X containing all elements occurring in t, we consider a continuous mapping α : X → X t which maps X t identically. Since there are only finitely many operational symbols involved in t, we may denote m the smallest upper bound of the arities of these symbols. For each n < m and a finite set Ω t n of n-ary symbols from Ω n containing all symbols occurring in t, we consider a continuous mapping β n : Ω n → Ω t n identical on Ω t n . Altogether, we refer to the whole family of choices consisting of X t , α, etc., as Θ.
Now, we define a topological algebra with domain Σ(t, Θ) of all subterms of t together with the special symbol ⊥. We define operations corresponding to symbols from Ω in the following way. For n 0, f ∈ Ω n and σ 1 , . . . , σ n ∈ Σ(t, Θ) we put f (σ 1 , . . . , σ n ) = s if there is a node p in τ with sons p 1 , . . . , p n such that β n (f ) is the label of p in τ , s is the subterm of t rooted at the node p and σ 1 , . . . , σ n are subterms of t rooted at the nodes p 1 , . . . , p n , and we put f (σ 1 , . . . , σ n ) = ⊥ otherwise. We consider the discrete topology on the finite set Σ(t, Θ). For E n : Ω n × Σ(t, Θ) n → Σ(t, Θ) and a subterm s of t, we have E −1 n (s) = (β −1 n (g), σ 1 , . . . , σ n ) where g is the top symbol of s, and σ 1 , . . . , σ n are proper subterms of s. We see that E −1 n (s) is clopen for every s = ⊥ and consequently E −1 n (⊥) is a clopen set as well. Notice that E −1 n (s) = ∅ whenever the top symbol of s is not of arity n, in particular, if s is an element from X occurring in t. Altogether, we correctly defined the Stone topological algebra Σ(t, Θ).
Proposition 4.7. Let X and every Ω n be 0-dimensional spaces. Then the topological algebra T Ω (X) is residually finite. Moreover, T Ω (X) is homeomorphic to the subalgebra of Ω X St Ω generated by X.
Proof. Take s and t distinct terms in T Ω (X). Let X t be the union of the finite sets of all elements of X occurring in t and s and α : X → X t be an arbitrary continuous mapping which is identical on X t . Similarly, let Ω t n be the set all n-ary operational symbols that occur in t or in s. Again a continuous mapping β n identical on Ω t n is taken arbitrarily, for every n < m, where m is an upper bound for arities of symbols occurring in t. The choice of Θ is finished and we consider the finite topological algebra Σ(t, Θ). Moreover, we consider a mapping ϕ : X → Σ(t, Θ) given by the rule ϕ(
The mapping ϕ is continuous and hence we may consider its extension to the continuous homomorphism ϕ : T Ω (X) → Σ(t, Θ), where we use the same symbol for ϕ and its extension. To prove that T Ω (X) is residually finite it remains to show that ϕ(s) = ϕ(t). In fact, we prove that ϕ(s) = ϕ(t) implies s = t.
It is easy to prove by induction with respect to the structure of an arbitrary subterm t ′ of t that ϕ(t ′ ) = t ′ . For every subterm s ′ of s and subterm t ′ of t, we claim that ϕ(s ′ ) = t ′ implies s ′ = t ′ . Indeed, if t ′ belongs to X, i.e. t = x ∈ X t , then ϕ(s ′ ) = x implies that s ′ ∈ X t is such that α(s ′ ) = x and s ′ = x follows. Now, let t ′ = f (t 1 , . . . , t n ) where t i are subterms of t shorter than the subterm t ′ . From ϕ(s ′ ) = t ′ we may deduce that the top symbol g of s ′ has arity n and β n (g) = β n (f ). Hence g = f and moreover s ′ = f (s 1 , . . . , s n ) where ϕ(s i ) = t i . By the induction assumption we get s i = t i and then s ′ = t ′ . This concludes the proof of the first statement.
By Section 2 and Proposition 4.6 we may see X as a subset of both T Ω (X) and Ω X St Ω . We denote X the subalgebra of Ω X St Ω generated by X. Recall that there is a continuous homomorphism γ : T Ω (X) → Ω X St Ω because of the universal property of T Ω (X) for continuous mappings from X to topological algebras. Clearly, the image of γ is precisely X . Taking two distinct elements t = s in T Ω (X), we may distinguish them as above. From the universal property of Ω X St Ω we may deduce that γ is injective.
Since we have constructed the mapping ϕ : T Ω (X) → Σ(t, Θ) which distinguishes a given pair of elements of T Ω (X), we may consider the product of all used finite topological algebras Σ(t, Θ). If we denote P this product which is a Stone topological algebra, then we obtain an injective continuous homomorphism δ : T Ω (X) → P . From the universal property of the free Stone topological algebra Ω X St Ω we get the existence of a continuous homomorphism ε : Ω X St Ω → P which maps X in the same way as δ. Since δ is injective, we may see γ and the restriction of ε to the domain X as a pair of inverse continuous homomorphisms which implies that they are homeomorphisms. This gives the second statement.
The universal property of relatively free Stone topological algebras can be somewhat extended as follows.
Proposition 4.8. Let S be a Stone pseudovariety and let X be a topological space. Then, for every Stone topological algebra S that is residually S and every continuous mapping ϕ : X → S, there is a unique continuous homomorphismφ : Ω X S → S such thatφ • ι = ϕ, where ι : X → Ω X S is the natural generating mapping.
Proof. Without loss of generality, we may assume that ϕ is a generating mapping. Since S is residually S, there is an embedding ε : S → i∈I S i into a product of members of S. Consider the following commutative diagram:
where the mapping π i is the component projection,φ i is the unique continuous homomorphism such that the outer trapezoid commutes, given by the universal property defining Ω X S; Φ is the mapping into the product induced by theφ i , that is, such that the right triangle commutes for every i ∈ I; and the existence of the mappingφ follows from the fact that both the images of Φ and ε in the product i∈I S i are X-generated and, therefore they are equal.
In particular, we deduce that there is a natural onto continuous homomorphism η : Ω X S → Ω X S ′ whenever the pair of Stone pseudovarieties satisfies S ′ ⊆ S.
4.2.
Finite quotients. One of the basic observations in the theory of profinite algebras is that all finite quotients of Ω X V belong to V. We show the analog of this statement in the realm of Stone pseudovarieties. We start with a technical observation which extends a well known result on pseudovarieties of finite algebras [4, Lemma 4.1].
Lemma 4.9. Let S be a Stone pseudovariety and S be a Stone topological algebra which is residually S. If K is a clopen subset of S, then there exist T ∈ S and a continuous homomorphism ϕ : S → T such that the equality ϕ −1 (ϕ(K)) = K holds.
Proof. We fix s ∈ K. Then for each u ∈ S \ K there is a continuous homomorphism α u :
We see that s ∈ O u and u ∈ O u . In this way we get an open cover {O u } u∈S\K of the closed subset S \ K of the compact space S. It follows that there is a finite set F ⊆ S \ K such that S \ K ⊆ u∈F O u . We consider the finite product T s = u∈F M u ∈ S and the corresponding continuous homomorphism γ s : S → T s . We claim that γ s (s) ∈ γ s (S \ K). Indeed, for
Since there is such a set L s for every s ∈ K, we may chose a finite subcover from the open cover {L s } s∈K of K. Hence, there is a finite subset S ′ ⊆ K such that K is covered by {L s } s∈S ′ . Again, we consider the finite product T = s∈S ′ T s ∈ S and the corresponding continuous homomorphism ϕ : S → T whose components are the γ s with s ∈ S ′ . It remains to show that ϕ −1 (ϕ(K)) = K. The inclusion K ⊆ ϕ −1 (ϕ(K)) is trivial. Assume for a moment that ϕ −1 (ϕ(K)) ⊆ K. Then there are y ∈ K and z ∈ K such that ϕ(y) = ϕ(z). If we take some s ∈ S ′ satisfying z ∈ L s , then (ϕ(y)) s = (ϕ(z)) s gives γ s (y) = γ s (z). Since y ∈ S \ K, we get γ s (z) ∈ γ s (S \ K) which contradicts the observation that γ s (L s ) ∩ γ s (S \ K) = ∅. Hence, we conclude that ϕ −1 (ϕ(K)) ⊆ K. Now we are ready to prove a statement concerning finite quotients of a Stone topological algebra which is residually S. Proof. Let α : S → F be a continuous homomorphism onto a finite discrete algebra F . For each element f ∈ F we may consider the clopen set α −1 (f ) and a continuous homomorphism ϕ f : S → T f into a member of S such that α −1 (f ) = ϕ −1 f (ϕ f (α −1 (f ))), whose existence is ensured by Lemma 4.9. We denote T the finite product f ∈F T f , which lies in S, and ϕ : S → T the corresponding continuous homomorphism, whose components are the ϕ f (f ∈ F ). We let T ′ be the image of ϕ, which also belongs to S. Let s, t ∈ S be a pair of elements such that ϕ(s) = ϕ(t). We take g = α(s) and recall that ϕ −1 g (ϕ g (α −1 (g))) = α −1 (g). Since ϕ g (t) = ϕ g (s) ∈ ϕ g (α −1 (g)), we see that t ∈ α −1 (g). Hence α(t) = g = α(s). This means that there is a homomorphism of algebras β : T ′ → F satisfying β•ϕ = α, as depicted in the following commutative diagram, where π f denotes a component projection.
Hence the preimage of any (closed) subset of F is closed so that β is a continuous homomorphism.
Since we already saw that β is onto and T ′ ∈ S, the proof is finished.
4.3. The Polish representation. Recall the Polish notation for a term, which basically drops from the usual notation all parentheses and commas.
For instance, for the example considered in Section 2,
, where u ∈ Ω 2 and v ∈ Ω 3 , the Polish notation is the word uvx 1 ux 2 x 1 x 3 ux 3 x 2 in the alphabet X ∪ Ω. The idea is that the arity of the operation symbols allows one to uniquely recover each term from its Polish notation. The Polish notations of terms thus live in the free monoid (X ∪ Ω) * .
Let V be a pseudovariety of monoids. We endow the relatively free profinite monoid Ω X∪Ω V with a structure of Ω-algebra as follows: for n 0, the evaluation mapping
. . , u n ) to the product wu 1 · · · u n . Since multiplication in Ω X∪Ω V is continuous, this defines a structure of topological Ω-algebra on Ω X∪Ω V.
Since Ω X∪Ω V is a compact 0-dimensional space, being a profinite monoid, Ω X∪Ω V is thus a Stone topological Ω-algebra. The closed subalgebra generated by X is denoted S V .
Proposition 4.11.
The Ω-algebra Ω X∪Ω V is profinite and, therefore, so is S V .
Proof. Let γ : X ∪ Ω → Ω X∪Ω V be the natural generating mapping. Given two distinct elements s and t of Ω X∪Ω V, since Ω X∪Ω V is residually finite as a monoid, there is a continuous homomorphism ϕ : Ω X∪Ω V → M onto a finite monoid such that ϕ(s) = ϕ(t). We endow M with a structure of Ω-algebra as follows: for n 0, E n : Ω n × M n → M (u, s 1 , . . . , s n ) → ϕ(γ(u))s 1 · · · s n . Note that, since γ and ϕ are continuous, so is E n . Thus, M becomes a (finite) topological Ω-algebra. Note also that operations in M are interpreted in such a way that make ϕ a homomorphism of Ω-algebras. Hence, Ω X∪Ω V is residually finite as an Ω-algebra. It follows that so is the subalgebra S V .
Following [6] , we say that a Stone topological algebra S with generating mapping ι : X → S is self-free, or that S is self-free with basis X, if every continuous mapping ϕ : X → S induces a continuous endomorphismφ of S such thatφ • ι = ϕ. The proof of [6, Theorem 2.16] extends to the setting of Stone topological algebras to show that every self-free X-generated Stone topological algebra S is of the form Ω X S for some Stone pseudovariety S. More precisely, if C is a set of Stone quotients of S such that S is residually C, then we may take S to be the Stone pseudovariety generated by C. In particular, if S is profinite, then we may take S to be the pseudovariety generated by the finite quotients of S. Proof. Consider the natural generating mapping ι : X → S V and let ϕ : X → S V be an arbitrary continuous mapping. We may extend ϕ to a continuous function X ∪ Ω → Ω X∪Ω V, which we still denote ϕ, by letting the restriction of ϕ to Ω coincide with that of the natural generating mapping.
By Proposition 4.8, there is a unique continuous (monoid) endomorphism ϕ of Ω X∪Ω V such thatφ • ι = ϕ. Sinceφ is the identity on Ω,φ is a homomorphism of Ω-algebras. Since ϕ(X) ⊆ S V , the restriction ofφ to S V takes its values in S V . Hence, ϕ does extend to a continuous endomorphism of S V .
Combining Propositions 4.11 and 4.12 and the considerations in the text between the two, we obtain the following result.
Corollary 4.13.
(i) For every pseudovariety V of monoids and topological space X, there is a Stone pseudovariety V such that S V is isomorphic with Ω X V. (ii) In case Ω and X are finite, V may be taken to be a pseudovariety of finite algebras.
In particular, for the pseudovariety M of all finite monoids, in the situation of Corollary 4.13(ii), there is a natural continuous homomorphism Φ X : Ω X Fin Ω → S M , namely the only one such that Φ X (x) = x for each x ∈ X. We call it the Polish representation.
The next result shows that Φ X is in general not injective so that even the pseudovariety of finite algebras V of Corollary 4.13(ii) corresponding to taking V = M is a proper subpseudovariety of Fin Ω .
Proposition 4.14. Suppose that Ω is a finite signature containing at least one symbol u of arity at least n 2. Let X be a finite nonempty set. Then, the Polish representation Φ X is not injective.
Proof. Let x, y, z be three distinct variables, where we only require that x ∈ X. Then, writing x ω+1 for the product xx ω , the following equality holds in Ω X∪Ω M because ω-powers are idempotents:
x ω . We may consider the Ω-term We further let
Note that Φ X (t k ) = u k (u k x k(n−1)+1 ) k(n−1)+1 . Thus, if t is any accumulation point in Ω X Fin Ω of the sequence (t r! ) r , then the continuity of Φ X yields the equality
. Similarly, we may consider the Ω-term s k = w k (t k , x, x), and let s denote an accumulation point in Ω X Fin Ω of the sequence (s r! ) r . Again, continuity of Φ X gives the equality
Combining the equations (4.1), (4.2), and (4.3), we conclude that, if Φ X were injective, then the equality t = s holds. To show that this leads to a contradiction, we show that there is a continuous homomorphism ξ : Ω X Fin Ω → A into a finite Ω-algebra such that ξ(s) = ξ(t).
Let A = {a, b} and define on A a structure of Ω-algebra by interpreting each operation in Ω m with m = n as the constant a and each operation v ∈ Ω n by letting v A (a 1 , . . . , a n ) = a n , where a = b and b = a. In this way, A is a finite discrete topological algebra. Choose ξ to be any continuous homomorphism ξ : Ω X Fin Ω → A such that ξ(x) = a. In view of the definition of u A , we have ξ(w k (x, x, x)) = a = b and so ξ(t k ) = b = a while ξ(s k ) = a = b. Since ξ is continuous, it follows that ξ(t) = a and ξ(s) = b, which establishes the claim.
In contrast, free profinite unary algebras are faithfully represented through the Polish representation. Let Ω = Ω 0 ∪ Ω 1 be an at most unary signature and let X be an arbitrary topological space. Then, the Polish representation is an isomorphism of topological algebras.
Proof. Since Φ X is an onto continuous homomorphism, it suffices to show that it is injective. Suppose that a and b are distinct elements of Ω X Fin Ω .
Since Ω X Fin Ω is residually finite, there exists a continuous homomorphism ϕ : Ω X Fin Ω → F into a finite Ω-algebra such that ϕ(a) = ϕ(b). Let M = M (F ) ⊎ F ⊎ {0} be a disjoint union of finite discrete spaces, so that it is itself a finite discrete space. We define on M a multiplication as follows:
• for g, h ∈ M (F ), we let g · h = g • h;
• for g ∈ M (F ) and s ∈ F , we put g · s = g(s); • all remaining products are set to be 0. It is easy to verify that M is a monoid for the above multiplication. Let ι : X → Ω X Fin Ω be the natural generating mapping and consider the evaluation mappings E 0 : Ω 0 → F and E 1 : Ω 1 × F → F . Note that E 1 induces a continuous mapping ε : Ω 1 → M (F ) into the discrete monoid M (F ) defined by ε(u)(s) = E 1 (u, s) for u ∈ Ω 1 and s ∈ F . We may now define a continuous mapping ψ : X ∪ Ω → M by letting ψ(x) = ϕ(ι(x)) for x ∈ X, ψ(c) = E 0 (c) for c ∈ Ω 0 , and ψ(u) = ε(u) for u ∈ Ω 1 . By the universal property of the free profinite monoid Ω X∪Ω M, ψ induces a continuous homomorphism of monoidŝ ψ : Ω X∪Ω M → M such thatψ • η = ψ, where η : X ∪ Ω → Ω X∪Ω M is the natural generating mapping. The following diagram may help the reader to keep track of all these continuous mappings.
Let γ be the restriction ofψ to S M . Note that γ takes its values in F : all elements of S M are of the form wa, where w belongs to the closed submonoid of Ω X∪Ω M generated by η(Ω 1 ) and a ∈ η(X ∪ Ω 0 ); hence, we haveψ(wa) = ψ(w)ψ(a), whereψ(w) ∈ M (F ) andψ(a) ∈ F , resulting inψ(wa) ∈ F according to the definition of the multiplication in M . Next, we claim that γ is a homomorphism of Ω-algebras. Indeed, for u ∈ Ω 1 and v ∈ S M , the following equalities hold:
Note that the diagram commutes as γ • Φ X = ϕ: since, by the above, both sides of the equation are continuous homomorphisms of Ω-algebras, it suffices to check that composing them with ι we obtain an equality and, indeed, for x ∈ X, we have
Finally, since ϕ(a) = ϕ(b), it follows that Φ X (a) = Φ X (b), which establishes that Φ X is injective.
The free Stone unary algebra.
Under suitable assumptions to be made precise later on the signature Ω = Ω 1 , we may identify the structure of the free Stone topological algebra Ω X St Ω over a Stone space X.
We say that a unary Ω-algebra is pointwise trivial if every operation from Ω = Ω 1 acts as the identity transformation.
Given a topological unary signature Ω, we view the set Ω * as a topological space, namely as the sum of the spaces Ω n (n 0). For a topological space X, we consider Ω * × X as a topological Ω-algebra by letting each a ∈ Ω act on (u, x) ∈ Ω * × X by sending it to (au, x). The correspondence x → (1, x) defines a generating mapping X → Ω * × X. Given a continuous mapping ϕ : X → S into a topological Ω-algebra S, we may recursively define a homomorphismφ : Ω * × X → S byφ(1, x) = ϕ(x) andφ(au, x) = a S (φ(u, x)) (a ∈ Ω, u ∈ Ω * , x ∈ X). Hence, Ω * × X is the free unary Ω-algebra over X, so it is isomorphic with T Ω (X).
For a topological space X such that the Čech-Stone compactification β(Ω * × X) exists, this latter space may be endowed with the structure of a topological Ω-algebra by extending, for each a ∈ Ω, the mapping (u, x) → (au, x) ((u, x) ∈ Ω * × X) to a continuous transformation of the space β(Ω * × X).
The following purely topological proposition is required for our next result. We start by recalling the relevant definitions from the literature for the reader's benefit (see [22] ). Let X be a topological space. We say that X is locally compact if every point of X has a compact neighborhood. Of course, both discrete and compact spaces are locally compact. A family {A i } i∈I of subsets of X is locally finite if every point x ∈ X admits a neighborhood U such that the set {i ∈ I : U ∩ A i = ∅} is finite. We say that the space X is paracompact if X is a Hausdorff space and every open cover of X has a locally finite open refinement. Note that discrete spaces are paracompact. A subset C of X is said to be functionally closed if there is a continuous mapping f : X → [0, 1] into the real unit interval such that C = f −1 (0). The complement in X of a functionally closed set is said to be functionally open. The space X is strongly 0-dimensional if it is a nonempty Tychonoff space and every finite cover by functionally open subsets admits a finite open refinement in which distinct sets are disjoint.
For the sake of shortness, we call S-space a locally compact paracompact totally disconnected space. So, as usual, Ω is an S-signature if each Ω n is an S-space.
Proposition 4.16.
(1) The product of a finite number of S-spaces is an S-space.
(2) If Ω is an S-signature and X is an S-space, then T Ω (X) is an S-space.
(3) If X is an S-space, then βX is a Stone space.
Proof. The proof combines a number of general results from the literature on topology, which we borrow from [22] . First, the product of two locally compact spaces is locally compact [22, Theorem 3.3.13] . Second, the product of a paracompact space and a locally compact paracompact space is paracompact [22, Exercise 5.5.5(c)]. Third, the product of totally disconnected spaces is totally disconnected [22, Theorem 6.2.14] . This proves (1) . Fourth, the sum of paracompact spaces is paracompact [22, Theorem 5.1.30] while the other two properties defining S-space are obviously preserved by sums. This establishes (2). Fifth, every locally compact space is a Tychonoff space [22, Theorem 3.3.1]. Thus, for an S-space X, βX exists. Sixth, in a locally compact paracompact space, the properties of being totally disconnected, 0dimensional, and strongly 0-dimensional are equivalent [22, Theorem 6.2.10]. In particular, an S-space is strongly 0-dimensional. Seventh, the Čech-Stone compactification βX of a Tychonoff space X is strongly 0-dimensional if and only if X is strongly 0-dimensional [22, Theorem 6.2.12 ]. Finally, we may conclude that, for an S-space X, βX is 0-dimensional, whence a Stone space.
An extreme case of the theory of Stone topological algebras occurs when Ω is empty, that is, there is no algebraic structure involved, so that only the topology plays a role. For a discrete space X, the results quoted in the preceding proof show that then Ω X St Ω is precisely the Čech-Stone compactification βX. This observation is somewhat generalized in the following result.
Theorem 4.17. Let Ω = Ω 1 be a unary S-signature and let X be an S-space. Then, β(Ω * × X) is the free Stone topological Ω-algebra over X with natural generating mapping ι given by x → (1, x) . Moreover, in case X is finite and discrete, β(Ω * ×X) is isomorphic with β(Ω * )×X, as a topological Ω-algebra, where β(Ω * ) is viewed with the structure of an Ω-algebra defined above for the case where X is a singleton set, and X is pointwise trivial. In case X is infinite, the spaces β(Ω * × X) and β(Ω * ) × X are not even homeomorphic.
Proof. By Proposition 4.16, the space β(Ω * × X) is a Stone space. Hence, it is a Stone topological Ω-algebra. Note that ι is a generating mapping. Now, let S be an arbitrary Stone topological Ω-algebra and let ϕ : X → S be a continuous mapping. Since Ω * × X is free over X, there is a homomorphismφ : Ω * × X → S such thatφ(1, x) = ϕ(x) for every x ∈ X. Since S is compactφ extends uniquely to a continuous mappingφ : β(Ω * × X) → S. We claim thatφ is a homomorphism. Let a ∈ Ω and w ∈ β(Ω * × X). Since Ω * × X is dense in β(Ω * × X), there is some net (u i , x i ) i in Ω * × X converging to w. Since the action of a is continuous, we have a β(Ω * ×X) (w) = lim(au i , x i ). By continuity of the extensionφ ofφ, we know thatφ lim(au i ,
On the other hand, sinceφ is a homomorphism, we obtain the equality limφ(au i , x i ) = lim a S φ(u i , x i ) . Since S is a topological Ω-algebra, it follows thatφ
Thus, the claim is established and β(Ω * × X) has the required universal property.
The statement about the case where X is finite and discrete is essentially immediate and is left to the reader. The non-existence of homeomorphisms between the spaces β(Ω * × X) and β(Ω * ) × X in case X is infinite is due to [29] : if X is not compact, then this is obvious since, otherwise, X is a quotient of the compact space β(Ω * × X); in case X is compact, X = β(X) and the question becomes when Čech-Stone compactification distrubutes over a product of two factors, which turns out to be the case if and only if one of the factors is finite or the product is pseudocompact, 3 a property that fails, independently of X, since the infinite discrete space Ω * is not pseudocompact.
Note that, since Ω * in Theorem 4.17 is taken to be a discrete space, if Ω is countable, then β(Ω * ) is homeomorphic to the much studied space βN [52, Chapter 3] . In this sense, one may say that Theorem 4.17 gives a description of the structure of Ω n St Ω in case Ω is a discrete countable unary signature. We know of such a complete description of free Stone topological algebras in no other case. The problem lies in that it is not possible to extend continuously operations on T Ω (X) of arity n greater than one to β(T Ω (X)); the underlying reason is that β (T Ω (X)) n is not homeomorphic to β(T Ω (X)) n unless T Ω (X) is finite [29] , that is, X ∪ Ω 0 is empty or Ω = Ω 0 and X ∪ Ω 0 is finite, which are cases of no interest. 4.5. Free Stone topological algebras are not profinite. We may also use the space βN to show that free Stone topological algebras are almost never profinite.
Theorem 4.18. If X is a nonempty topological space and Ω = Ω 0 is an arbitrary topological signature, then the Stone topological algebra Ω X St Ω is not profinite.
Proof. By assumption, we may choose n 1 such that Ω n = ∅. Let u ∈ Ω n be fixed and consider the signature Ω ′ = Ω ′ n = {u}. We may define a structure of topological Ω ′ -algebra on βN by the evaluation mapping E n : Ω ′ n × (βN) n → βN given by taking the projection on the last component followed by addition by 1. By Proposition 4.16 βN thus becomes a Stone topological Ω ′ -algebra which is 1-generated as the element 0 is a generator. By [22, Corollary 3.6.12], βN has cardinality 2 2 ℵ 0 . It follows that Ω 1 St Ω ′ has cardinality at least 2 2 ℵ 0 since the generating mapping with value 0 extends to an onto continuous homomorphism
On the other hand, taking into account that an n-generated profinite Ω ′algebra S embeds into a product of finite algebras, of which there are only countably many up to isomorphism since Ω ′ is finite, where the product has countably many factors, the cardinality of S is at most 2 ℵ 0 . Hence, the Stone topological algebra Ω 1 St Ω ′ is too large to be profinite. By Theorem 2.8, since Ω 1 St Ω ′ is a quotient of Ω X St Ω ′ , the latter also cannot be profinite.
Finally, we claim that Ω X St Ω ′ is a quotient of Ω X St Ω so that, again by Theorem 2.8, the latter cannot be profinite. To establish the claim, we endow Ω X St Ω ′ with a structure of topological Ω-algebra. We first choose an arbitrary element w ∈ Ω X St Ω ′ . For m = n, let
be the constant mapping with value w. Take E n to be the composition of continuous mappings
the first mapping is the identity on the last n components and the second mapping is the evaluation given by the structure of Ω X St Ω ′ as an Ω ′ -algebra. Since Ω X St Ω ′ is X-generated as an Ω ′ -algebra, it is also Xgenerated as an Ω-algebra, whence it is a quotient of Ω X St Ω , as claimed. For a set S let P(S) be the Boolean algebra of all subsets of S. In case S is a topological space, we let P co (S) denote the Boolean algebra of all clopen subsets of S.
Starting from Boolean algebras

5.1.
Boolean algebras of sets. Given Boolean subalgebras B i of P(S i ) (i = 1, . . . , n), we may consider the Boolean subalgebra n i=1 B i of P(S 1 × · · · × S n ) generated by all parallelepipeds of the form
Note that, if each B i is the Boolean algebra of all clopen subsets of a Stone space S i , then the members of n i=1 B i are the clopen subsets of the product space n i=1 S i . The construction n i=1 B i is a concrete realization of what is called in the Boolean algebra literature the sum or the tensor product of the Boolean algebras B i . Since the intersection of two parallelepipeds is a parallelepiped and the complement in S 1 × · · · × S n of a parallelepiped is a finite union of parallelepipeds, the members of n i=1 B i are in fact finite unions of disjoint parallelepipeds. For each element P of n i=1 B i , we may find finite partitions
called a B i -partition, (i = 1, . . . , n) such that P is the union of a set of parallelepipeds of the form L 1,j 1 ×· · ·×L n,jn . Such a list (5.1 i ) : i = 1, . . . , n of partitions is said to be a (B i ) i -mesh for P . In case all S i are equal and all B i are equal to B, then we refer simply to a B-mesh for P . Given a subset P of the Cartesian product S 1 × · · · × S n , we consider the binary relation on S i defined by s i ρ i s ′ i if, for all s j ∈ S j (j = i), the following equivalence holds:
. . , s n ) ∈ P. Note that ρ i is an equivalence relation on S i . We denote by s i /ρ i the ρ i -class of s i .
Lemma 5.1. Let B i be a Boolean algebra of subsets of S i (i = 1, . . . , n) and suppose that P is an element of n i=1 B i . Consider a list of partitions (5.1 i ) (i = 1, . . . , n) defining a (B i ) i -mesh for P and the equivalence relations ρ i defined above. Then, the following hold: (1) if s, t ∈ L i,j for some indices i and j, then s ρ i t;
(2) each equivalence relation ρ i has finite index;
(3) the classes of each ρ i belong to B i ; (4) we have a finite disjoint decomposition (5.2) P = (s 1 ,...,sn)∈P (s 1 /ρ 1 ) × · · · × (s n /ρ n ).
Proof.
(1) Suppose that s k ∈ S k (k = i) are such that (5.3) (s 1 , . . . , s i−1 , s, s i+1 , . . . , s n ) ∈ P.
By the definition of mesh for P , there exist j k ∈ J k (k = 1, . . . , n) such that (s 1 , . . . , s i−1 , s, s i+1 , . . . , s n ) ∈ L 1,j 1 × · · · × L n,jn ⊆ P.
Because (5.1 i ) is a partition of S i , it follows that j i = j and so (5.4) (s 1 , . . . , s i−1 , t, s i+1 , . . . , s n ) ∈ P.
By symmetry, (5.4) also implies (5.3), thereby establishing that s ρ i t. Properties (2) and (3) are an immediate consequence of (1) as the partition of S i determined by ρ i is refined by the finite partition (5.1 i ).
(4) The inclusion from left to right in (5.2) follows from the obvious fact that (s 1 , . . . , s n ) belongs to (s 1 /ρ 1 )× · · · × (s n /ρ n ). For the reverse inclusion, suppose that (s 1 , . . . , s n ) ∈ P . We claim that, if s i ρ i t i (i = 1, . . . , n), then (t 1 , . . . , t n ) ∈ P . To prove the claim, we establish by induction on i that (5.5) (t 1 , . . . , t i , s i+1 , . . . , s n ) ∈ P.
Indeed, (5.5) holds for i = 0 by hypothesis. Assuming that (5.5) holds for a given i < n then, since s i+1 ρ i+1 t i+1 , we may replace s i+1 by t i+1 to conclude that (5.5) also holds for i + 1.
The following application of Lemma 5.1 plays a key role in the sequel of this section.
Corollary 5.2. Suppose that (B i,j ) j∈J is a nonempty family of Boolean algebras of subsets of the set S i (i = 1, . . . , n) . Then, the following equality holds:
Proof. The inclusion from right to left in (5.6) is immediate. For the reverse inclusion, suppose that P is an element of the left hand side of (5.6).
Consider the equivalence relations ρ i defined above for the set P . Let M be the mesh for P whose partition of S i consists of the classes of ρ i . By Lemma 5.1, M is a (B i,j ) i -mesh for P for every j and, therefore, it is a ( j∈J B i,j ) i -mesh for P , which entails that P belongs to right hand side of (5.6).
An algebraized continuity condition. Given a Boolean subalgebra
is the evaluation mapping of the term algebra T Ω (X):
This expresses a sort of continuity condition but may be also viewed algebraically as stating that E −1 n determines a homomorphism of Boolean algebras B → B ′ .
Note that the trivial Boolean algebra {∅, T Ω (X)} satisfies (5.7).
Lemma 5.3. Let A be a Boolean subalgebra of P T Ω (X) . Then, there is a maximum Boolean subalgebra of A satisfying (5.7).
Proof. Suppose C is a chain of Boolean subalgebras of A each of which satisfies (5.7) and let B = D∈C D. It is routine to check that B is a Boolean subalgebra of A. If L ∈ B then there exists D ∈ C such that L ∈ D, whence E −1 n (L) ∈ D ′ because D satisfies (5.7). Since D ′ ⊆ B ′ , it follows that E −1 n (L) ∈ B ′ . Hence, B also satisfies (5.7). By Zorn's Lemma, we conclude that there are maximal Boolean subalgebras of A satisfying (5.7).
Next, suppose that B 1 and B 2 are Boolean subalgebras of A satisfying (5.7) and let B be the least Boolean subalgebra of A containing B 1 ∪ B 2 . Each L ∈ B is a finite union of sets of the form L 1 ∩ L 2 such that L i ∈ B i . For such an intersection L 1 ∩ L 2 , we have
For a finite union of sets satisfying (5.7), we use a similar equality for union, and we conclude that B satisfies (5.7). Hence, there is only one maximal Boolean subalgebra satisfying (5.7), which establishes the lemma.
Denote by B max the maximum Boolean subalgebra of P co T Ω (X) satisfying (5.7).
The following is an immediate application of Corollary 5.2.
Corollary 5.4. If the nonempty family (B i ) i∈I of Boolean subalgebras of P T Ω (X) satisfies (5.7) then so does i∈I B i .
Proof. Let L be an arbitrary element of i∈I B i . By the assumption that each B i satisfies (5.7), we know that E −1 n (L) belongs to B ′ i . By Corollary 5.2, we have i∈I B ′ i = ( i∈I B i ) ′ . Thus, E −1 n (L) belongs to ( i∈I B i ) ′ . Hence, the Boolean algebra i∈I B i satisfies (5.7).
From Boolean algebras to Stone topological algebras.
For a subset L of T Ω (X), we denote L c its complement in T Ω (X).
The following result shows how to obtain Stone topological algebras from the Stone dual of a Boolean algebra of subsets of T Ω (X).
Theorem 5.5. Suppose that Ω is a topological signature and X a topological space, and let B be a Boolean subalgebra of P T Ω (X) satisfying (5.7). Then, B ⋆ has a natural Ω-algebra structure which makes it a Stone topological algebra. Moreover, in case B consists of subsets L of T Ω (X) such that L ∩ X is open, the correspondence sending each x ∈ X to U x = {L ∈ B : x ∈ L} is a generating mapping.
Proof. Given w ∈ Ω n and ultrafilters U 1 , . . . , U n ∈ B ⋆ , let w(U 1 , . . . , U n ) be the set of all L ∈ B for which there exist L i ∈ U i (i = 1, . . . , n) such that w(L 1 , . . . , L n ) ⊆ L. We claim that the set U = w(U 1 , . . . , U n ) is an ultrafilter of B. It is immediate to check that it is a proper filter of B. To show that it is an ultrafilter, we must show that, given L ∈ B, either L or its complement L c belongs to U . By the assumption that B satisfies (5.7), we know that both w −1 (L) and w −1 (L c ) belong to B (n) : for instance, w −1 (L) is the projection on the last n components of (E T Ω (X) n ) −1 (L). It follows that there are n finite partitions T Ω (X) = k i j=1 L i,j into elements of B (i = 1, . . . , n) such that each "parallelepiped" L 1,j 1 × · · · × L n,jn is entirely contained in either w −1 (L) or w −1 (L c ). Since each U i is an ultrafilter of B, there is a unique ℓ i ∈ {1, . . . , k i } such that L i,ℓ i ∈ U i . For this choice of ℓ i , since the product L 1,ℓ 1 × · · · × L n,ℓn is contained in either w −1 (L) or w −1 (L c ), we conclude respectively that L ∈ U or L c ∈ U .
Consider the following evaluation mapping: . . . , U n ). We claim that E n is a continuous function. For this purpose, we take a net (w j , U 1,j , . . . , U n,j ) j converging to (w, U 1 , . . . , U n ) and we show that the net w j (U 1,j , . . . , U n,j ) j converges to w(U 1 , . . . , U n ). Thus, we need to show that, given L ∈ B such that w(U 1 , . . . , U n ) ∈ U L , there exists j 0 such that, for all j j 0 , w j (U 1,j , . . . , U n,j ) also belongs to U L . Since B satisfies (5.7), the set (E T Ω (X) n ) −1 (L) is a finite union of parallelepipeds of the form K r × J 1,r × · · ·×J n,r , where K r is clopen in Ω n and each J i,r belongs to B and r runs over some finite index set R. Now, as we are assuming that w(U 1 , . . . , U n ) ∈ U L , we know that there exist L i ∈ U i (i = 1, . . . , n) such that w(L 1 , . . . , L n ) ⊆ L. Note that, in particular, we have
Let K be the intersection of all K r that contain w and let L i,r = L i ∩ J i,r . We deduce that (5.9) L 1 × · · · × L n = r∈R L 1,r × · · · × L n,r .
Since U i is an ultrafilter, there is r i such that L i,r i ∈ U i , that is, U i belongs to the open set U L i,r i of B ⋆ . Since each net (U i,j ) j converges to U i , there is j 0 such that, for all j j 0 , w j ∈ K and U i,j ∈ U L i,r i (i = 1, . . . , n). From (5.9) and (5.8), we deduce that, for every j j 0 , the following inclusion holds:
. In other words, we have w j (L 1,r 1 , . . . , L n,rn ) ⊆ L for all j j 0 . Thus, for j j 0 , since L i,r i belongs to U i,j , we conclude that L ∈ w j (U 1,j , . . . , U n,j ), which means that w j (U 1,j , . . . , U n,j ) ∈ U L . This establishes the claim that the net w j (U 1,j , . . . , U n,j ) j converges to w(U 1 , . . . , U n ).
It remains to show that the correspondence ι : x → U x is a generating mapping under the considered assumptions. First of all, note that ι takes its values in B ⋆ since U x is an ultrafilter of B. For L ∈ B, the preimage ι −1 (U L ) of the basic open set U L consists of all x ∈ X such that U x ∈ U L , which simply means that x ∈ L. Thus, we have ι −1 (U L ) = X ∩ L and the latter set is open by hypothesis. We conclude that the mapping ι is continuous. Let ι : T Ω (X) → B ⋆ be the unique extension of ι to a continuous homomorphism.
We claim that, for v ∈ T Ω (X), we have
Since (5.10) holds for v ∈ X by definition of ι andι, we may assume inductively that v = u(v 1 , . . . , v n ) where u ∈ Ω n and v 1 , . . . , v n satisfy (5.10). Aŝ ι is a homomorphism, we obtain the equalitŷ ι u(v 1 , . . . , v n ) = u ι(v 1 ), . . . ,ι(v n ) where the set on the right consists of all K ∈ B such that there exists K i ∈ι(v i ) (i = 1, . . . , n) satisfying u(K 1 , . . . , K n ) ⊆ K. By the induction hypothesis, the condition K i ∈ι(v i ) holds if and only if v i ∈ K i . Hence, K ∈ι u(v 1 , . . . , v n ) implies that u(v 1 , . . . , v n ) ∈ K. Conversely, suppose that u(v 1 , . . . , v n ) ∈ K. Now, by the assumption that B satisfies (5.7), we know that the set u −1 (K) is a finite union of parallelepipeds of the form K 1 × · · · × K n , where each K i ∈ B. In particular, there is one such parallelepiped containing the point (v 1 , . . . , v n ), which provides a choice of K i ∈ B such that v i ∈ K i and u(K 1 , . . . , K n ) ⊆ K, thereby establishing the converse and accomplishing the induction step in the proof that (5.10) holds for every v ∈ T Ω (X).
To finish the proof of the theorem, we must show that the image ofι is dense in B ⋆ . Indeed, given any nonempty basic open set U L , which is determined by a nonempty element L of B, we may choose w ∈ L. By the above, we know that L ∈ι(w), which means thatι(w) ∈ U L . The next result shows how inclusion of Boolean subalgebras of P T Ω (X) reflects on the corresponding Stone topological algebras.
Theorem 5.6. Let Ω be a topological signature, X a topological space, and B and C be Boolean subalgebras of P T Ω (X) such that B ⊆ C. Consider on the dual spaces B ⋆ and C ⋆ the structure of Stone topological algebras given by Theorem 5.5. Then the dual (surjective continous) mapping ι ⋆ : C ⋆ → B ⋆ of the inclusion ι : B ֒→ C is a homomorphism of Ω-algebras.
Proof. We start by noting that, for an ultrafilter U ∈ C ⋆ , we have the equality ι ⋆ (U ) = U ∩ B. To prove that ι ⋆ is a homomorphism of Ω-algebras, consider an operation symbol w ∈ Ω n and ultrafilters U 1 , . . . , U n ∈ C ⋆ . From the definition of the interpretation of w in the dual spaces B ⋆ and C ⋆ , we see that
Since both w(U 1 ∩ B, . . . , U n ∩ B) and w(U 1 , . . . , U n ) ∩ B are ultrafilters of B, it follows that they are equal.
From Stone topological algebras to Boolean algebras.
From an X-generated Stone topological algebra, we may obtain a Boolean subalgebra of P co T Ω (X) as follows.
Theorem 5.7. Suppose that Ω is a Stone signature. Let ϕ : X → S be a generating mapping for a Stone topological Ω-algebra S and letφ be the unique extension of ϕ to a continuous homomorphism T Ω (X) → S. Let B(S) be the set of all sets of the formφ −1 (K) where K is a clopen subset of S. Then, B(S) is a Boolean subalgebra of P co T Ω (X) satisfying (5.7) and S is isomorphic as an X-generated Stone topological Ω-algebra with the algebra B(S) ⋆ of Theorem 5.5.
Proof. Let B = B(S). The set mappingφ −1 defines a homomorphism (5.11) Φ : P co (S) → P co T Ω (X) of Boolean algebras whose image is the Boolean algebra B. In particular, B is a Boolean subalgebra of P co T Ω (X) . We claim that B satisfies (5.7). To prove it, note that the homomorphismφ induces the following commutative diagram:
So, given L ∈ B, the preimage E
T Ω (X) n −1 (L) may be computed by choosing a clopen subset K of S such thatφ −1 (K) = L and taking (5.12) (id Ωn ×φ n ) −1 (E S n ) −1 (K) . Now, (E S n ) −1 (K) is a clopen subset of Ω n × S n . Since the factors in the product Ω n × S n are Stone spaces, the set (E S n ) −1 (K) is a finite union of parallelepipeds of the form L 0 × L 1 × · · · × L n , where L 0 is clopen in Ω n and, for each i ∈ {1, . . . , n}, L i is clopen in S. Since Φ is a homomorphism of Boolean algebras, it follows that the set (5.12) belongs to the Boolean algebra P co (Ω n ) ⊕ B (n) . Hence, the Boolean algebra B satisfies (5.7). For a pair of distinct clopen sets K and K ′ in S, one of the clopen sets K \ K ′ and K ′ \ K is nonempty. Without loss of generality, we may assume that K \K ′ = ∅. Then Φ(K \K ′ ) = (φ) −1 (K \K ′ ) = ∅, because the image of the extension mappingφ is dense in S. Thus Φ(K) = Φ(K ′ ) and Φ = (φ) −1 is injective. So, Φ : P co (S) → B is an isomorphism of Boolean algebras. This gives an isomorphism of the corresponding Stone spaces B ⋆ ∼ = P co (S) ⋆ and Stone duality gives P co (S) * ∼ = S. To be more precise the composite homeomorphism, which we denote Φ ⋆ : B ⋆ → S, maps each ultrafilter U to the uniquely determined element s U belonging to allφ(L), where L ∈ U .
To finish the proof, it remains to show that Φ ⋆ is a homomorphism of Ω-algebras. Let u ∈ Ω n and consider ultrafilters U 1 , . . . , U n ∈ B ⋆ . Let
is the unique element in allφ(L) for L ∈ u(U 1 , . . . , U n ). We claim that this element is in fact u(s 1 , . . . , s n ). So, for given L ∈ u(U 1 , . . . , U n ), by the definition of u(
becauseφ is a homomorphism of Ω-algebras, and this establishes the claim.
The following result contains a number of useful technical properties as well as showing that starting with a Boolean algebra and applying successively Theorems 5.5 and 5.7, one recovers the original Boolean algebra.
Theorem 5.8. Suppose Ω is a Stone signature and C is a Boolean subalgebra of P co T Ω (X) satisfying (5.7). Consider the Stone topological algebra C ⋆ constructed according to Theorem 5.5 with generating mapping ϕ : X → C ⋆ defined by ϕ(x) = {L ∈ C : x ∈ L} (x ∈ X). Then, the following hold for every L ∈ C and clopen subset K of C ⋆ :
Proof. Each ultrafilter of C contains just one of L and L c . Thus, U L ∩U L c = ∅ and U L ∪ U L c = C ⋆ . It follows that U L is clopen and its complement in C ⋆ is equal to U L c . We claim that, for every L ∈ C, the following equality holds:
We show this by contradiction: Let an ultrafilter U belong to both sets. The assumption U ∈ U L c means that L c ∈ U . From the assumption U ∈φ(L) we deduce the existence of v ∈ L such thatφ(v) = U . By (5.10) we obtain that U = {L ′ ∈ C : v ∈ L ′ }. In particular, we have v ∈ L c , which contradicts the assumption that v ∈ L. We conclude from (5.13) thatφ(L) ⊆ U L and consequentlyφ(L) ⊆ U L . Since ϕ is a generating mapping we havê ϕ(L) ∪φ(L c ) = C ⋆ . This givesφ(L) = U L which is the equality (i). The properties (ii) and (iii) follow.
To establish the equality (iv) it is enough to observe the following equivalences, for an arbitrary v ∈ T Ω (X):
where the last equivalence follows from (5.10)
The equality (v) is given by the following calculation
where the last step follows from the fact that Im(φ) is dense in C ⋆ since K is clopen.
In view of (iii), the equality (iv) for L ∈ C shows that C ⊆ B(C ⋆ ). For the reverse inclusion, consider an arbitrary clopen subset K of C ⋆ . Then K is a finite union of basic open sets K = r i=1 U L i , where the L i belong to C. Taking into account thatφ −1 (U L ) = L for L ∈ C, which follows from (i) and (iv), we deduce that the setφ −1 (K) = r i=1 L i belongs to C. Theorem 5.7 shows that all Stone topological algebras are duals of Boolean algebras of clopen subsets of the term algebra satisfying (5.7). This may be viewed as an alternative approach to duality compared with that adopted in [25] .
Corollary 5.9. Let Ω be a Stone signature and let B = B(Ω X S⊔ Ω ). Then B is the largest Boolean subalgebra of P co T Ω (X) satisfying (5.7).
Proof. By Theorem 5.7, B is indeed a Boolean subalgebra of P co T Ω (X) satisfying (5.7). By Theorem 5.5, (B max ) ⋆ is an X-generated Stone topological algebra. The dual of the inclusion mapping η : B → B max is an onto continuous mapping η ⋆ : (B max ) ⋆ → B ⋆ . In view of the definition of the natural Ω-algebra structure of the dual spaces, it is immediate to check that η ⋆ is a homomorphism respecting the generating mappings from the space X. But, by Theorem 5.7, B ⋆ is freely generated by X. Hence, η ⋆ must be injective and, dually, η must be surjective. This shows that B = B max .
Note that, in view of Theorems 5.5 and 5.7, Corollary 5.9 may be thought as providing a construction of the absolutely free Stone topological algebra Ω X St Ω , modulo the identification of the Boolean algebra B max , for which we have no constructive description. The exceptional case for which we have identified the Boolean algebra B max is the case where Ω = Ω 1 is a finite unary signature and X is a discrete space: T Ω (X) is a discrete space and the Boolean algebra P T Ω (X) = P co T Ω (X) satisfies (5.7) and, therefore, it coincides with B max . This observation provides an alternative approach to a special case of Theorem 4.17. It also suggests the following result.
Theorem 5.10. Let Ω be a Stone signature such that there is n > 1 for which Ω n is a nonempty discrete space and suppose that X is also a nonempty discrete space. Then B max is a proper Boolean subalgebra of P co T Ω (X) .
Proof. Fix n > 1 such that Ω n is nonempty and discrete (whence finite) and consider the signature Ω ′ = Ω n . We may view T Ω ′ (X) as a subset of T Ω (X). Let L consist of all elements of T Ω (X) of the form u(t, . . . , t) with u ∈ Ω n and t ∈ T Ω ′ (X). Note that, as T Ω ′ (X) is a discrete subspace of T Ω (X), L is a clopen subset of T Ω (X). Moreover E −1 n (L) is not a finite union of parallelepipeds. Hence, the Boolean algebra P co T Ω (X) does not satisfy (5.7), so that B max must be a proper Boolean subalgebra of P co T Ω (X) .
We may now derive a result that confirms that one cannot extend Theorem 4.17 beyond the unary case.
Corollary 5.11. Let Ω be a Stone discrete signature with at least one operation symbol of arity greater than 1 and let X be a nonempty discrete space. Then it is not possible to define on the Stone space β T Ω (X) a structure of X-generated topological algebra.
Proof. Suppose on the contrary that the Stone space S = β T Ω (X) admits a structure of X-generated topological algebra and let ϕ : X → S be a generating mapping. By Theorem 5.7, we have an associated Boolean subalgebra B(S) of P T Ω (X) satisfying (5.7). Since T Ω (X) is a discrete space, B(S) is equal to P T Ω (X) . But, since B(S) satisfies (5.7), it must be contained in B max . It follows that B max = P T Ω (X) , which contradicts Theorem 5.10.
The special case of Theorem 5.7 for a profinite algebra S is particularly interesting. Suppose that S is generated by a continuous mapping ϕ : X → S and consider the unique continuous homomorphic extensionφ : T Ω (X) → S. Recall that B(S) consists of all subsets of T Ω (X) of the formφ −1 (K) where K is a clopen subset of S. Now, by Theorem 2.11(vi), a subset K of S is clopen if and only if there is a continuous homomorphism ψ : S → F onto a finite algebra F such that K = ψ −1 (ψ(K)). Hence, B(S) consists of the sets of the form L =φ −1 ψ −1 (P ) with P an arbitrary subset of F . In case S is a relatively free profinite algebra Ω X V, over a pseudovariety V of finite algebras, the composite homomorphisms ψ •φ may be characterized simply as the onto continuous homomorphisms T Ω (X) → F with F ∈ V. This leads to the notion of V-recognizable tree language (better known as regular tree language [24, 47] in case V = Fin Ω ) of computer science and so B(Ω X V) consists precisely of all such languages over the "alphabet" X. Characterizations of the Boolean algebras B(Ω X V) with X finite and discrete can be found as part of the analog of Eilenberg's Correspondence Theorem (or "Variety Theorem") [3, 46, 47].
Residual properties versus Stone quotients.
We end this section with our main result and applications. It is a generalization for Stone signatures of Theorem 2.8, that result being the special case of the Stone pseudovariety Fin Ω .
Theorem 5.12. Let Ω be a Stone signature and let S be an arbitrary Stone pseudovariety. Let ϕ : S → T be an onto continuous homomorphism of Stone topological algebras where S is residually S. Then T is also residually S.
Proof. Let t 1 , t 2 be a pair of distinct points of T . Since T is a Stone space, there is a clopen subset K of T such that t 1 ∈ K and t 2 / ∈ K. Applying Lemma 4.9 to the clopen subset L = ϕ −1 (K) of S, we obtain a continuous homomorphism ψ : S → U onto a member of S such that L = ψ −1 ψL. Choose a topological space X and a generating mapping γ : X → S (such as the identity mapping on S), so that ϕ • γ and ψ • γ are also generating mappings. By Theorem 5.7, the Boolean subalgebras B(S), B(T ), and B(U ) of P co (T Ω (X)) all satisfy (5.7). By Corollary 5.4, the Boolean algebra B = B(T ) ∩ B(U ) also satisfies (5.7). The dual of the following pullback diagram
is a pushout diagram of Stone spaces:
By Theorem 5.6, the arrows in the latter diagram are in fact (continous) homomorphisms of Ω-algebras. In view of Theorems 5.5 and 5.7, there is also a pushout diagram of continuous homomorphisms of Stone topological algebras
where all mappings are onto. In particular, since U belongs to the Stone pseudovariety S, so does the Stone topological algebra B ⋆ . To finish the proof, it suffices to show that δ(t 1 ) = δ(t 2 ). By the choice of the continuous homomorphism ψ, the setγ −1 (L) belongs to B(U ), while it also belongs to B(T ) since L is the preimage under ϕ of a clopen subset of T . Hence,γ −1 (L) belongs to B. By Theorem 5.8(ii) the closures
are mutual complements in B ⋆ . On the other hand, since L = ϕ −1 (K), Theorem 5.8(v) yields that the first set in (5.14) contains δ(t 1 ) while the second contains δ(t 2 ). This establishes the inequality δ(t 1 ) = δ(t 2 ) and completes the proof of the theorem.
For a class C of Stone topological algebras, we denote by C the class of all residually C Stone topological algebras. We call C the residual closure of C.
Note that C = C. We say that a class C of Stone topological algebras S is residually closed if C = C.
Corollary 5. 13 . Let Ω be a Stone signature and S a Stone pseudovariety. Then S is also a Stone pseudovariety and, for every topological space X, we have Ω X S ≃ Ω X S.
Proof. To check that S is a Stone pseudovariety, the only nontrivial requirement is that it be closed under taking Stone continuous homomorphic images, which follows from Theorem 5.12. The existence of a continuous homomorphism Ω X S → Ω X S respecting generating mappings is an immediate consequence of Proposition 4.8. The existence of a continuous homomorphism Ω X S → Ω X S also respecting generating mappings follows from the obvious fact that S ⊆ S. 5.6. Stone varieties. By a Stone variety we mean a nonempty class of Stone topological algebras that is closed under taking continuous homomorphic images that are again Stone spaces, closed subalgebras, and arbitrary direct products. Proof. A Stone variety V is obviously a Stone pseudovariety. It is residually closed because, if S is residually V, then there is an embedding of S, as a closed subalgebra, into a product of members of V, and so S belongs to V.
Conversely, we claim that, if S is a residually closed Stone pseudovariety, then S is a Stone variety. Let (S i ) i∈I be a nonempty family of members of S. Given two distinct elements of the product S = i∈I S i , they are distinguished by the projection on some component S i , and so S is residually S. Since S is residually closed, we deduce that S belongs to S, which proves the claim.
Note that, for a Stone variety V and an arbitrary topological space X, the relatively free Stone topological algebra Ω X V belongs to V, a fact that follows from the construction of Ω X V in the proof of Proposition 4.5. We deduce that a Stone topological algebra belongs to V if and only if it is a continuous homomorphic image of some Ω X V.
An immediate consequence of Proposition 5.14 is that residual closure of a Stone pseudovariety is the Stone variety it generates.
The proof of Theorem 5.12 may be adapted to establish the following result.
Theorem 5. 15 . If (S i ) i∈I is a nonempty family of Stone pseudovarieties then i∈I S i = i∈I S i .
Proof. Since the inclusion i∈I S i ⊆ i∈I S i is clear, we need to show that, if T is a Stone topological algebra that is residually S i for each i ∈ I, then T is also residually i∈I S i . Let t 1 and t 2 be distinct elements of T and choose a clopen subset K of T such that t 1 ∈ K and t 2 / ∈ K. By Lemma 4.9, there are onto continuous homomorphisms ϕ i : T → S i such that K = ϕ −1 i (ϕ i (K)) (i ∈ I). Since every mapping ϕ i is closed, the image ϕ i (K) is a clopen subset of S i . Consider an arbitrary generating mapping γ : X → T . By the duality argument in the proof of Theorem 5.12, there are continuous homomorphisms α : T → U and ψ i : S i → U into a Stone topological algebra U such that the following diagram commutes for every i ∈ I:
Also, by the considerations at the end of the proof of Theorem 5.12, and sinceγ −1 (K) belongs to all B(S i ), we have α(t 1 ) = α(t 2 ). On the other hand, the continuous homomorphisms ψ i are onto. Since each S i is a Stone pseudovariety, it follows that U belongs to i∈I S i . Hence, T is residually i∈I S i . Thus, the residual closure operator on Stone pseudovarieties is a complete meet endomorphism of the lattice L Ω of all Stone pseudovarieties.
If S is a residually closed Stone pseudovariety, then we may consider the family of all Stone pseudovarieties S i such that S i = S. By Theorem 5.15, we conclude that i∈I S i = S. This proves the following result. In the profinite case, the minimum of the interval of Corollary 5.16 admits a particularly simple description.
Theorem 5.17. If V is a Stone variety of profinite algebras then V min = V ∩ Fin Ω .
Proof. From V ∩ Fin Ω ⊆ V, we deduce that V ∩ Fin Ω ⊆ V = V. On the other hand, if S belongs to V, then S is profinite and so S embeds in a product of its finite quotients, thus in a product of members of V ∩ Fin Ω , which proves that V ⊆ V ∩ Fin Ω . Hence, V ∩ Fin Ω is a pseudovariety of finite algebras whose residual closure is V. To complete the proof, we claim that, if V and W are pseudovarieties of finite algebras such that V ⊆ W ⊆ V, then V = W. Indeed, if S is an arbitrary element of W, then S is residually V, that is, it embeds in a direct product of algebras from V. Since S is finite, it suffices to consider only finitely many factors in such a product to achieve the embedding. Hence, S belongs to V.
Let X be a topological space and let S be a Stone pseudovariety. Let ι : X → Ω X S be the natural generating mapping. We associate with each continuous mapping ϕ : X → S into a Stone topological algebra S which is residually S the unique continuous homomorphismφ : Ω X S → S such thatφ • ι = ϕ. By a Stone S-pseudoidentity over X we mean a pair (u, v) of elements of Ω X S, usually written as a formal equality u = v. We say that a residually S Stone topological algebra S satisfies u = v if, for every continuous homomorphism ϕ : X → S, the equalityφ(u) =φ(v) holds. In case S = St Ω consists of all Stone topological Ω-algebras, we refer simply to Stone pseudoidentities over X.
Example 5.18. Let Ω be a Stone signature. By Corollary 5.13 and Proposition 5.14, the class Fin Ω of all profinite algebras is a Stone variety. Suppose also that the space X is 0-dimensional. By Proposition 4.7, the topological algebra T Ω (X) is residually finite. Hence, the variety of all profinite Ωalgebras satisfies no nontrivial identities. Of course, neither does the variety St Ω of all Stone topological Ω-algebras, which contains non-profinite algebras by Theorem 4. 18 . This shows that one cannot expect Stone varieties to be defined by identities as in the classical Birkhoff theorem for varieties of discrete algebras over discrete signatures [15] . Nevertheless, of course every set Σ of identities still defines a Stone variety, namely the class of all Stone topological algebras that satisfy Σ.
A topological space X is said to be extremally disconnected if the closure of every open subset of X is open. It is easy to see that every Hausdorff extremally disconnected space if totally disconnected. The compact extremally disconnected spaces are sometimes called Stonean spaces and turn out to be, up to homeomorphism, the Stone duals of complete Boolean algebras. Complete Boolean algebras are known to be injective in the category of Boolean algebras [45] (that is, given a Boolean subalgebra A of a Boolean algebra B, a homomorphism A → C from A to a complete Boolean algebra C extends to a homomorphism B → C). Dually, and more generally, Stonean spaces are known to be precisely the projective spaces in the category of compact spaces [28] . For more details, see [33] . Note that, since a Boolean algebra may always embedded in a complete Boolean algebra, dually, every Stone space is continuous image of some Stonean space, a fact that is used below.
In spite of Example 5.18, it is still natural to expect Stone varieties to be defined by some sort of identities and it turns out that Stone pseudoidentities play that role. The following result is the suitable analog of Birkhoff's theorem for Stone varieties. It comes at the cost of allowing proper classes of Stone pseudoidentities for describing varieties for, unlike the classical discrete setting, one cannot reduce to the case where (pseudo)identities are written over finite sets of variables. More precisely, we consider classes consisting of Stone S-pseudoidentities over arbitrary Stonean spaces X. For such a class Σ, we denote Σ S the class of all members of S that satisfy all members of Σ and we call Σ a basis of the class Σ S . In case S = St Ω , we drop the index S, writing simply Σ . Proof. Suppose first that V is a Stone variety: let Σ be the class consisting of all Stone pseudoidentities over Stonean spaces that are valid in V. We claim that Σ ⊆ V, the reverse inclusion being obvious from the choice of Σ. Let S be an arbitrary element of Σ and consider a generating mapping ϕ : X → S with X a Stone space, where we could simply take the identity mapping on S. Since X is a continuous image of some Stonean space, we may as well assume that X is a Stonean space. Then, with the above choice of ι andφ, we may also consider the natural continuous homomorphism η
We may derive Reiterman's theorem from our previous results. Although the proof is not shorter than a direct proof, it shows how Reiterman's theorem can be viewed as a special case of Theorem 5.19.
Theorem 5.20. A class of finite topological algebras is a Stone pseudovariety if and only if it is of the form Σ Fin Ω for some set Σ of Stone Fin Ωpseudoidentities over finite discrete spaces.
Proof. Let S be a Stone pseudovariety. For u, v ∈ Ω X S, we may choose u ′ , v ′ ∈ Ω X St Ω such that η(u ′ ) = u and η(v ′ ) = v, where η : Ω X St Ω → Ω X S is the natural continuous homomorphism. We claim that, for S residually S, S satisfies u = v if and only if S satisfies u ′ = v ′ . Indeed, if S satisfies u ′ = v ′ and ϕ : Ω X S → S is a continuous homomorphism, then there is a continuous homomorphism ψ : Ω X St Ω → S such that ψ • η = ϕ. By assumption, ψ(u ′ ) = ψ(v ′ ) and so we get that ϕ(u) = ϕ(v). The converse is even simpler and is left to the reader. It follows that, for Σ as in the statement of the theorem, Σ Fin Ω = u ′ = v ′ : (u = v) ∈ Σ ∩ Fin Ω is the intersection of two Stone pseudovarieties by Theorem 5.19, whence it is also a Stone pseudovariety.
For the converse, let V be a pseudovariety of finite topological algebras. By Theorem 5.19, there is a set Σ of St Ω -pseudoidentities over Stonean spaces such that V = Σ . For each member u = v of Σ, say with u, v ∈ Ω X St Ω , we may consider the S-pseudoidentity η(u) = η(v) and we let Σ ′ denote the set of all such S-pseudoidentities. By the considerations at the beginning of the proof and Theorem 5.17, we obtain the equalities
Σ ′
Fin Ω = Σ ∩ Fin Ω = V ∩ Fin Ω = V. It remains to show that we only need to take pseudoidentities over finite discrete spaces. Given a Fin Ω -pseudoidentity u = v, we consider all pseudoidentities of the form γ(u) = γ(v) where γ : Ω X Fin Ω → Ω Y Fin Ω is an arbitrary continuous homomorphism and Y is an arbitrary finite subspace of a fixed countable discrete space. A routine argument shows that a profinite algebra satisfies u = v if and only if it satisfies all such pseudoidentities over finite discrete spaces. Thus, if we consider all pseudoidentities over finite discrete spaces so associated with pseudoidentities from Σ ′ , we obtain a set of pseudoidentitiesΣ such that Σ Fin Ω = V. In particular, the only finite algebra in V is the trivial one. Since V is a Stone variety, it follows that it does not contain any nontrivial profinite algebra. Note also that V is nontrivial as the Cantor set C admits a homeomorphism C × C → C and so it has a structure that makes it a member of V.
